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ABSTRACT
We show that Berezin integration can be consistently defined on a su-
permanifold (M, A) of the DeWitt type. The resulting integral is a real-
valued functional on the space of compactly supported global sections of
the Berezinian sheaf of (M, A).

1. Introduction and preliminaries

Berezin integration on a graded manifold (X, .A) is a functional over the real
vector space of compactly supported global sections of the Berezinian sheaf of
(X, A) (by “graded manifolds” we mean the Berezin-Leites-Kostant supermani-
folds [3,6]). In [5] an intrinsic definition of the Berezin integral was given; in that
picture, the Berezinian sheaf is realized as Q% ® P,/K, where Q7 is the sheaf
of graded differential m-forms, P, is the sheaf of graded differential operators of
order n on A, K is a suitable subsheaf of Q7% ® P,, and (m,n) = dim(X, A).
Let (M, A) be a supermanifold of the DeWitt type, based on a graded-commu-
tative Banach algebra B (the latter can also be infinite-dimensional, although in
that case it must satisfy additional requirements). We work with a category of
supermanifolds that has been described in [2] and is strictly related to Rothstein’s

supermanifolds [10]; it can be regarded as a natural evolution of the notion of
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supermanifold as introduced by DeWitt [4] and Rogers [9]. This category has
been studied in some detail in [1] in the case of a finite-dimensional B.

Let us recall that a supermanifold of the DeWitt type (M, .A) (we shall define
precisely this notion in the next Section), say of dimension {m,n), determines
an m-dimensional smooth ordinary manifold M , called the body manifold of
(M, A), with a smooth projection &: M — M. We shall show that a Berezin
integral can be defined on (M, .A) in a natural way; it integrates compactly
supported global sections of a suitably defined Berezinian sheaf to yield a real
number. That this can be done is no surprise, in that there is a one-to-one
correspondence between isomorphism classes of DeWitt supermanifolds with a
fixed body manifold M and isomorphism classes of graded manifolds based on
M (1]. However, this is not an equivalence of categories: DeWitt supermanifolds
have more morphisms than graded manifolds. It turns out that the Berezin
integral over a DeWitt supermanifold (M, A) is invariant under the full group of
diffeomorphisms of (M, A).

It should be stressed that the integral so defined, when evaluated on a section
of the Berezinian sheaf, yields a real number. To our knowledge it is not possible
— contrary to some claims raised in the literature — to define consistently a
B-valued integral on DeWitt supermanifolds.

Let us now give some basic definitions; a survey of the algebraic foundations of
supermanifold theory can be found in [1]. We shall consider Z,-graded objects;
for simplicity, we shall say “graded” instead of “Z;-graded.” A graded algebra
B = By @ B, is said to be graded-commutative if

ab=(-1)*’ba  whenever = a € Ba, b€ By, a,Bel.

The degree of a homogeneous element a € B will denoted by |a|. We shall allow B
to be infinite-dimensional, but requiring that B is local and that the linear span
of products of odd elements is dense in the radical Rrad B of B. We shall call
the algebras satisfying these requirements BGO-algebras, meaning “Banach
algebras of Grassmann origin.” Alternative definitions of these algebras, and
examples, can be found in [2,7,8].

Let us denote by o the projection B — B/RadB =~ R (the “body map”).
The (m,n) dimensional “superspace” B™" is the By-module BJ* x B}; it can
be endowed either with the vector space topology (sometimes called the “fine
topology”) or the DeWitt (coarse) topology, i.e. the topology whose open sets
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are the counterimages of the open sets in R™ via the projection ™": B™" — R™
given by

(2}, ..., 2™ 9, ..., y") = (o(z!),...,0(z™)).

A graded ringed B-space is a pair (X, A), with X a topological space and A
a sheaf of graded-commutative B-algebras on X. A graded ringed space is said to
be local if each stalk A, is a local graded ring, i.e. if it contains a unique maximal
graded ideal. The sheaf DerA of derivations of A is the sheaf associated with
the presheaf of A-modules U — { graded derivations of Ay }; a graded derivation
of Ajy is an endomorphism of sheaves of graded B-algebras D: Ay — Ay
satisfying the graded Leibniz rule D(a - b) = D(a) - b + (=1)!*/IPlg . D(b).

Finally, Der* A denotes the dual sheaf to Der A, i.e.

Der* A = Hom 4(Der A, A).

The exterior differential is the morphism of sheaves of graded B-modules
d: A — Der* A defined by df(D) = (-1)I/IIPI D(f) for all homogeneous f €
A(U), D € Der A(U) and all open U C M.

2. Supermanifolds of the DeWitt type

We introduce some elements that we shall use to define DeWitt supermanifolds.
Let B be a BGO-algebra. For each pair of nonnegative integers (m, n) we consider
the Bo-module B™" endowed with the DeWitt topology.* Let U C B™° be an
open set; a smooth map f: U — B is said to be G [9,2] if its Fréchet differential
is Bg-linear. A G* function f(z,y) on B™" is a smooth map that can be written

in the form
(2.1) F@w) = fol@) + 3 fal@)y™ + o+ fromyt ooy
a=1

for some (not uniquely defined) G* functions f. (z). The sheaf of G* functions
on B™0 (resp. B™") will be denoted by ¢ (resp. ¢=).

Let A, be the exterior algebra generated over R by the elements y!...y"
in B;. We define a sheaf G on B™™" by letting § = p"é“ ®r Ap, where

p: B™" — B™9 is the natural projection. Moreover, let ev: G — C, where C

* If B is finite-dimensional, say is an exterior algebra with L generators, then for
consistency one must assume L > n.
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is the sheaf of continuous B-valued functions on B™", be the graded B-algebra
morphism defined by ev(f ® £) = f¢; one has Im ev ~ G*. The pair (B™",G)
is a local graded B-space, and the maximal graded ideal of G, is

£; = {f € G,such thatev(f)(z) = 0}.

DEFINITION 2.1: The standard supermanifold over B™™ is the triple
(B™™,G, ev).

The graded algebras G(U), where U is an open set in B™™", can be topologized
by means of the family of seminorms pp x: G(U) — R defined by

(2.2) prx(f) = max || ev (L())(2) |

where L runs over the differential operators of G on U, K runs over the compact
subsets of U, and || || is the norm in B (cf. [6,2]). In this way G(U) becomes a
locally convex topological R-algebra.

PROPOSITION 2.2 [2]: The topological algebra G(U) is complete for every open
set U C B™".

Thus, each G(U) is a Fréchet graded B-algebra.

We can eventually supply the definition of a DeWitt supermanifold. Let M
be a second countable topological space, A a sheaf of graded-commutative B-
algebras on M, and let ev™ : A — Cp be a morphism of sheaves of graded
B-algebras (Cps is the sheaf of continuous B-valued functions on M). We say
that the triple (M, A, ev™) is an (m,n) dimensional DeWitt supermanifold if it
is locally isomorphic to the standard supermanifold over B™"; more precisely,

we have the following definition.

DEFINITION 2.3: The triple (M, A, ev™) is an (m,n) dimensional DeWitt super-
manifold if each point 2 € M has a neighborhood U endowed with a pair (f, f*),
where
(1) f: U — B™™" is a homeomorphism onto an open subset of B™™";
(2) f*: G5y = fo«(Ap) is an isomorphism of sheaves of graded B-algebras,
such that the diagram

f'
Gisvy —— fH(Ap)

ol e

Cirn - f(Cumyy)
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commutes.

DEFINITION 2.4: A morphism of DeWitt supermanifolds (M, A, ev™) — (N, B,
ev™) is a pair (f, f¥), where f: M — N is a continuous mapping, and f': B — f,A
is a morphism of sheaves of graded B-algebras such that the following diagram

commutes:

f'
B _— f-.A

| [

Cn T filum

One can prove [2] that f is a G™ morphism, and that for each openset U C N,
the morphism f};: B(U) — A(f"1(U)) is continuous. We say that (f, f*) is a
diffeomorphism if f? is a sheaf isomorphism; this implies that f is invertible and
that =1 is G*.

Remarks:
(1) In view of the local isomorphism with the standard supermanifold, the
algebras A(U) are Fréchet graded B-algebras.
(2) Since B™™ has been topologized with the DeWitt (coarse) topology, the
Definition 2.2 does not yield a generic supermanifold, but rather a DeWitt
supermanifold. In other terms, the choice of the DeWitt topology is the

origin of the structural results that we are going to discuss. ]

Let A~ = ev™(A). Then A™ endows M with a structure of G* supermanifold
[10,2]. Let A = {(Ui,¥i)}ien be a G atlas for M. We establish in M the
following equivalence relation [9]: two points p,¢ € M are in relation if there
is an ¢ € N such that p,q € U;, and moreover 6™"(;(p)) = o™ "(¥:(q)); the
quotient under this relation is an m-dimensional smooth manifold M , and the
projection ®: M — M is smooth as well. M is often called the body manifold
of M.

Another important result is the following: there is a graded manifold (M ,F),
based on 1\7, such that A ~ ! F®g B. On this basis one can prove that there is
a one-to-one correspondernce between isomorphisms classes of (2, n) dimensional
DeWitt supermanifolds with a fixed body manifold M , and isomorphism classes
of (m,n) dimensional graded manifolds based on M. However, it turns out that
the category of DeWitt supermanifold has more morphisms than the category of
graded manifolds; the following Example shows an endomorphism of a DeWitt
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supermanifold that does not come from an endomorphism of the corresponding

graded manifold.

Example: Let (B!,G, ev) be the standard supermanifold over B! = B, and
let f: B! — B!! be the map f(z,y) = (az,y) with a € (RadB)p. Since
Gg= p‘l,C';°° ®r A1 then a section g of G has the form ¢ = gy + ¢1 ® y where the
gi's are G* functions of z. We define a sheaf morphism f!: G — £.G by letting

F(9) = f(g0)+ f*(g1)®y.

The pair (f, f*) is a morphism (B'!,G, ev) — (B!!,G, ev) that does not corre-
spond to any morphism of the underlying graded manifold (R,C° ® A;). 1

Once more, we would like to stress that these structural results hold because
DeWitt supermanifolds are modelled on the standard supermanifold over B™",
this space being endowed with the DeWitt topology. If B™™" is equipped with
the fine topology, one obtains a wider category of supermanifolds, that may not

admit a body manifold, and are not directly related to graded manifolds.

3. Berezin integration

Let (M, A, evM) be a DeWitt supermanifold. The sheaf DerA of derivations
of A, and the dual sheaf Der* A, are locally free. This implies that the sheaf
QF = Ak Der* A (the sheaf of differential k-superforms) is locally free as well.
Here A4 denotes the graded wedge product over A.

We may define a morphism ~ : Q% — Qf\? (where Qfﬁ is the sheaf of smooth
differential forms on M) as follows. Let f be a section of A. Then the real-valued
function f(p) = o(ev™ (f)(p)) is constant along the fibers of &: M — M, and
determines a function on M. , that we denote by the same symbol. This induces
the required morphism ~ : Q-’:‘ — Q;-Z. One should notice that in general it is not
possible to define a morphism that maps the differential superforms on (M, A,
evM) to B-valued differential forms on M , and this is the ultimate reason why
Berezin integration is real-valued and not B-valued.

Let Px be the sheaf of graded differential operators of order k on A. In addition
to the left A-module structure given by the product (f-D)(g) = fD(g), the sheaf
P has a right A-module structure, inequivalent to the previous one, according to
the rule (D - f)(g) = D(fg). We consider in Pi this second A-module structure,
and take the graded tensor product Q7 ® 4 Pn, where (m,n) = dim(M, A, ev™).
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The module 7% ® 4 Pn has gotten a distinguished graded submodule X, whose
sections w are such that for any compactly supported section f of A there is a

compactly supported section 7 of Q%" such that

w(f) = dn.

The quotient Q7% ® 4 Pn/K is by definition the Berezinian sheaf Ber(M,A) of
(M, A, ev™). 1t is a locally free graded A-module of rank (1,0) (resp. (0,1)) if n is
even (resp. odd), namely, Ber(M, A) is the sheaf of sections of a superline bundle
(1). If (z%,...,2™,y",...,y") is a set of local coordinates for (M, A, evM), the

section

d i}

de' A+ AdT™) @ — ... —
(dz Adz )®3y1 "

is a local basis for Ber(M, A); here the square brackets denote the equivalence
class with respect to the quotient by K. All this is proved as in the case of graded
manifolds [5].

We may now define the Berezin integral; we assume the body manifold M of
(M, A, ev™) is compact and oriented. Let w be a global section of Ber(M, A),
and let £ be a section of Q7 ®4 P, such that [{] = w. Then we set

/(M,A)w - /M £m);

here f,, is the usual integral of m-forms on an oriented m-dimensional manifold.
The coordinate representation of this Berezin integral is the usual one: if w is a
section of Ber(M, A) whose compact support is in the domain of a coordinate
system (z!,...,2™,y},...,y"), and

a 0

w = [(dxl/\.../\dzm)®a—y1-...ayn

/ u)=/f1,_',,da:l ...dz™,
(M, A)

where f)...n is the last term in the “superfield expansion” (2.1).

£

then

Finally, we wish to check the invariance of the Berezin integral under diffeo-

morphisms of (M, A, ev™). To this end we need the following result.
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LEMMA 3.1: Let (f, f*) be a morphism (M, A, ev™) — (M, A, ev™). Then there

is a unique smooth morphism f: M — M such that the following two diagrams

comimute:
M _J, M Ok f! k
a — [y
a1 e le ~| |~ k20
M— M Ok — . f.0k
f‘ M f‘ M

Proof: Let us first consider the case of the standard supermanifold (B™",G, ev)
over B™", Here the existence of f follows from the following facts:
(1) G is isomorphic with the sheaf of supermanifold morphisms from (B™", g,
ev) into the standard supermanifold over B!'!;

(ii) any section of G can be uniformly approximated by polynomials in the

coordinates (z!,...,z™,y!,...,y").
The result is then extended to a generic DeWitt supermanifold (M, A, ev™)
because one can choose a G atlas A = {(U;,%i)} on M, and a C* atlas

A= {(Vi,$:)} on M such that V; = ®(U;), and the diagram

U'_ Yi B

T

Vi —— R™

?i

commutes. The commutativity of the two diagrams (3.1) can be checked directly.

The uniqueness of f follows from the commutativity of the first diagram. |

COROLLARY 3.2: The sheaf K is invariant under any morphism (f, f*): (M, A
evM) — (M, A, ev™), in the sense that f*(K) is a subsheaf of f,K

Let (f, f*) be a diffeomorphism (M, A, ev™) — (M, A, ev™). The Berezinian
superdeterminant [1,3,4] of the morphism f*: f.Q — QL yields a globally de-
fined section Ber(f*) of A.

If M is oriented, we say that (f, f!) is orientation-preserving if Ber(f!) is

——~——

a positive function on M. Notice that this does not imply that f is orientation-
preserving: f might reverse the orientation of M, but this effect might be com-

pensated by a change of sign of the degree n component in the development

(2.1).
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A diffeomorphism (f, f*) of (M, A, ev™) acts in a natural way on Q7 ®4 Py,
and, in view of Corollary 3.2, this action descends to Ber(M,.A). Moreover,
Corollary 3.2, and the invariance of the ordinary integral on smooth manifolds
under orientation-preserving diffeomorphisms, allows one to prove the invariance

of the Berezin integral:

THEOREM 3.3: Let (f, f*) be an orientation-preserving diffeomorphism of (M, A,
evM), and let w be a section of Ber(M, A) with compact support. Then one has

/(M,A) “T /<M,A) Fi)-
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